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INCIDENCE RESULTS AND BOUNDS OF TRILINEAR AND
QUADRILINEAR EXPONENTIAL SUMS
SIMON MACOURT
Abstract. We give a new bound on the number of collinear
triples for two arbitrary subsets of a finite field. This improves
on existing results which rely on the Cauchy inequality. We then
use this to provide a new bound on trilinear and quadrilinear ex-
ponential sums.
1. Introduction
1.1. Set Up. For a prime p, we define Fp to be the finite field of p
elements. We also let F˚p “ Fp{t0u. We define the line
ℓa,b “ tpx, yq P F
2
p : y “ ax` bu
for some pa, bq P F2p . We let A,B Ď Fp , with |A| “ A, |B| “ B and
A ď B . We also define the number of incidences of any line with AˆB
to be
ιAˆBpℓa,bq “ |tpAˆ Bq X ℓa,bu|.
Furthermore for λ, µ P F˚p , we define the number of collinear triples
Tλ,µpA,Bq to be the number of solutions to
pa1 ´ λa2qpb1 ´ µb2q “ pa1 ´ λa3qpb1 ´ µb3q, ai P A, bi P B, i “ 1, 2, 3.
We define T1,1pA,Bq “ T pA,Bq and for A “ B we define T pA,Aq “
T pAq.
We also define the weighted trilinear exponential sums over sets
X ,Y ,Z Ă Fp
T pX ,Y ,Z; ρ, σ, τq “
ÿ
xPX
ÿ
yPY
ÿ
zPZ
ρx,yσx,zτy,z eppaxyzq,
where a P F˚p and ρx,y, σx,z, τy,z are 2-dimensional weights that are
bounded by 1.
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Similarly, we define the weighted quadrilinear exponential sums over
sets W,X ,Y ,Z Ă Fp
T pW,X ,Y ,Z;ϑ, ρ, σ, τq
“
ÿ
wPW
ÿ
xPX
ÿ
yPY
ÿ
zPZ
ϑw,x,yρw,x,zσw,y,zτx,y,z eppawxyzq,
where a P F˚p and ϑw,x,y, ρw,x,z, σw,y,z, τx,y,z are 3-dimensional weights
that are bounded by 1.
Throughout the paper we use the notation A ! B to indicate
|A| ď c|B| for some absolute constant c.
1.2. New Results. Our main result is the following theorem on the
number of collinear triples.
Theorem 1.1. Let A,B Ă Fp with |A| “ A ď |B| “ B and λ, µ P F
˚
p .
Then
Tλ,µpA,Bq ´
A3B3
p
! p1{2A2B3{2 ` AB3.
Using Lemma 2.6, which comes as a consequence of Theorem 1.1, we
provide the following new bounds on trilinear and quadrilinear expo-
nential sums.
Theorem 1.2. Let X ,Y ,Z Ă Fp with |X | “ X, |Y | “ Y, |Z| “ Z , and
X ě Y ě Z . Then,
T pX ,Y ,Z; ρ, σ, τq ! p3{16X13{16Y 7{8Z7{8.
We compare the above the result with previous bounds in the fol-
lowing section. As an example, in the special case where X “ Y “ Z
the bound from Theorem 1.2 is stronger than previous results for
p1{2 ă X ă p5{9 .
Theorem 1.3. Let W,X ,Y ,Z Ă F˚p with |W| “ W, |X | “ X, |Y | “ Y ,
|Z| “ Z and W ě X ě Y ě Z . Then,
T pW,X ,Y ,Z;ϑ, ρ, σ, τq ! p3{32W 29{32X15{16Y 15{16Z31{32.
Again, we give an example of when our bound is non-trivial by con-
sidering the special case W “ X “ Y “ Z and note that the bound
from Theorem 1.3 is stronger than all existing bounds for p1{2 ăW ă
p13{24 .
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1.3. Previous Results. Recent results on T pA,Bq have been given by
using the Cauchy inequality on bounds for T pAq. For this reason pre-
vious bounds for T pA,Bq are symmetric. We compare our result with
that of Aksoy Yazici, Murphy, Rudnev and Shkredov [1, Proposition 5]
T pAq !
A6
p
` A9{2
hence, by the Cauchy inequality,
T pA,Bq !
ˆ
A3
p1{2
` A9{4
˙ˆ
B3
p1{2
`B9{4
˙
` AB3.
We see that for A “ B our new bound is stronger for A ą p1{2 .
More generally, our new bound is stronger when AB3 ą p2 . We also
compare our result to that of Murphy, Petridis, Roche-Newton, Rudnev
and Shkredov [8, Theorem 10]
T pAq !
A6
p
` A7{2p1{2
hence, by the Cauchy inequality,
T pA,Bq !
ˆ
A3
p1{2
` A7{4p1{4
˙ˆ
B3
p1{2
`B7{4p1{4
˙
` AB3.
We see that our bound is equal to the above result for A “ B , and
stronger otherwise. We also mention that [7] gives a bound on collinear
triples over subgroups.
Trilinear sums have been estimated by Bourgain and Garaev [4].
Variations and improvements have been made since, see [2, 3, 5, 6, 9].
More recently Petridis and Shparlinski [10] have given new bounds on
weighted trilinear and quadrilinear exponential sums. We compare our
bound on trilinear sums to [10, Theorem 1.3]
T pX ,Y ,Z; ρ, σ, τq ! p1{8X7{8Y 29{32Z29{32.
We see that our new bound, Theorem 1.2, improves that of Petridis
and Shparlinski [10] for XY 1{2Z1{2 ě p. Our bound from Theorem 1.2
is stronger than that of the triangle inequality
T pX ,Y ,Z; ρ, σ, τq ! XY Z
for XY 2{3Z2{3 ą p. Similarly, it is stronger than the classical bound
on bilinear sums, from Lemma 3.1,
T pX ,Y ,Z; ρ, σ, τq ! p1{2X1{2Y 1{2Z
for XY 6{5Z´2{5 ď p. Letting X “ Y “ Z we see that under these
conditions Theorem 1.2 is stronger than previous bounds for p1{2 ă
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X ă p5{9 . We give another example for when our bound is non-trivial.
Setting X “ p2{3, Y “ Z “ p2{5 we obtain from Theorem 1.2
T pX ,Y ,Z; ρ, σ, τq ! p343{240 “ XY Zp´3{80.
One can easily compare this with results from previous bounds and
see our new bound is stronger. We also mention that our bound is
strongest for X much larger than Y . We finally mention the bound
on unweighted trilinear sums due to Garaev [6]. We note that when
our bound is stronger than that of Shparlinski and Petridis [10], it also
outperforms that of Garaev [6].
Similarly, we compare our results on quadrilinear exponential sums
to [10, Theorem 1.4]
T pW,X ,Y ,Z;ϑ, ρ, σ, τq ! p1{16W 15{16pXY q61{64Z31{32,(1.1)
as well as that coming from the classical bound on bilinear sums,
T pW,X ,Y ,Z;ϑ, ρ, σ, τq ! p1{2W 1{2X1{2Y Z.(1.2)
For W “ X “ Y “ Z Theorem, 1.3 is stronger than the classical bound
and (1.1) for all p1{2 ă W ă p13{24 , in this range it is also stronger than
the bound of Petridis and Shparlinski [10]. We give another example for
when our bound is non-trivial. Setting W “ p2{3, X “ Y “ Z “ p3{8
we obtain from Theorem 1.3
T pW,X ,Y ,Z;ϑ, ρ, σ, τq ! p1355{768 “WXY Zp´7{256.
We also mention that our bound is strongest for W much larger than
X .
2. Incidence Results
2.1. Preliminaries. In this section we use ℓ to indicate all possible
lines.
We mention the following results.
Lemma 2.1. Let A,B P Fp with |A| “ A, |B| “ B and λ, µ P F
˚
p . Thenÿ
ℓ
ιAˆBpℓa,bq “
ÿ
ℓ
ιAˆBpℓλa,µbq “ pAB
and ÿ
ℓ
ιAˆBpℓa,bqιAˆBpℓλa,λbq “ A
2B2 ´ AB2 ` pAB
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Proof. The first result is clear since for each choice of px, y, uq P A ˆ
B ˆ Fp there is a unique choice of v P Fp . The second result we haveÿ
ℓ
ιAˆBpℓa,bqιAˆBpℓλa,λbq
“
ÿ
pa1,a2,b1,b2qPA2ˆB2
|tpc, dq P F2p : b1 “ ca1 ` d, b2 “ λca2 ` µdu|.
Now there are AB quadruples pa1, a2, b1, b2q P A
2ˆB2 with pa1, b1q “
pλµ´1a2, µ
´1b2q which define p pairs pc, dq “ pc, b1 ´ ca1q. There are
ABpB´1q quadruples with b1 ‰ µ
´1b2 and a1 “ λµ
´1a2 which do not
define any pairs pc, dq, as they are parallel. The remaining
A2B2 ´ ABpB ´ 1q ´ AB “ A2B2 ´ AB2
quadruples define one pair pc, dq each, as they are the non-parallel
lines. [\
We immediately have the following corollary.
Corollary 2.2. Let A,B P Fp with |A| “ A, |B| “ B and λ, µ P F
˚
p .
Then
ÿ
ℓ
ˆ
ιAˆBpℓλa,µbq ´
AB
p
˙2
ď pAB.
We need an analogue of [8, Lemma 9]. First we recall [8, Theorem
7].
Lemma 2.3. Let A,B Ă Fp with |A| “ A ď |B| “ B and let L be a
collection of lines in F2p . Assume that A|L| ď p
2 . Then the number of
incidences IpP, Lq between the point set P “ AˆB and L is bounded
by
IpP, Lq ! A3{4B1{2|L|3{4 ` |P | ` |L|.
We define LNλ,µ to be the collection of lines that are incident to
between N and 2N points, that is
LNλ,µ “ tℓλa,µb P L : N ă ιAˆBpℓλa,µbq ď 2Nu
for λ, µ P F˚p . We then have the following lemma.
Lemma 2.4. Let A,B Ă Fp with |A| “ A ď |B| “ B , λ, µ P F
˚
p and let
2AB{p ď N ď A be an integer greater than 1. Then
|LNλ,µ| ! min
ˆ
pAB
N2
,
A3B2
N4
˙
.
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Proof. Since ιAˆBpℓλa,µbq ě 2AB{p, for ιAˆBpℓλa,µbq P LNλ,µ , we have
ιAˆBpℓλa,µbq ´ AB{p ě AB{p ě N{2.
Therefore, using Lemma 2.2,
N2
4
|LNλ,µ| ď
ÿ
ιAˆBpℓλa,µbqPLNλ,µ
pιAˆBpℓλa,µbq ´ AB{pq
2
ď
ÿ
l
pιAˆBpℓλa,µbq ´ AB{pq
2
ď pAB.
(2.1)
Now suppose 2AB{p ď N ă 2AB1{2{p1{2 . From (2.1)
|LNλ,µ | !
pAB
N2
ă
pAB
N2
ˆ
4A2B
N2p
“
4A3B2
N4
.
We now suppose N ě 2AB1{2{p1{2 . Now N ě 2AB{p hence by (2.1)
LNλ,µ ď 4pAB{N
2 ď p2{A. We can now apply Lemma 2.3 to obtain
N |LNλ,µ | ! A
3{4B1{2|LNλ,µ |
3{4 ` AB ` |LNλ,µ |.
We now observe when each term dominates, omitting the last term as
it gives N ! 1, to get
|LNλ,µ | !
A3B2
N4
`
AB
N
.
We now recall N ď A, hence
|LNλ,µ | !
A3B2
N4
.
This completes the proof. [\
We now need the following lemma.
Lemma 2.5. For A,B Ă Fp with |A| “ A ă |B| “ B and λ, µ P F
˚
p ,
ÿ
ℓ
ιAˆBpℓa,bq
ˆ
ιAˆBpℓλa,µbq ´
AB
p
˙2
! p1{2A2B3{2.
Proof. We begin by splitting our sum over a parameter ∆ which will
be chosen later. We also observe that ιAˆBpℓλa,µbq ď A. We then find
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a bound on
ÿ
ιAˆBpℓa,bqď∆
ιAˆBpℓa,bq
ˆ
ιAˆBpℓλa,µbq ´
AB
p
˙2
`
ÿ
ιAˆBpℓa,bqą∆
ιAˆBpℓλa,µbqď∆
ιAˆBpℓa,bq
ˆ
ιAˆBpℓλa,µbq ´
AB
p
˙2
`
ÿ
ιAˆBpℓa,bqą∆
ιAˆBpℓλa,µbqą∆
ιAˆBpℓa,bq
ˆ
ιAˆBpℓλa,µbq ´
AB
p
˙2
“ I ` II ` III.
By using Corollary 2.2 it is clear that I ď ∆pAB . We also have
II ď
ÿ
ιAˆBpℓa,bqą∆
ιAˆBpℓa,bq
ˆ
∆´
AB
p
˙2
.
Using dyadic decomposition and Lemma 2.4 we obtain
II !
ˆ
∆´
AB
p
˙2 ÿ
kě0
p2k∆q|L2k∆|
!
ˆ
∆´
AB
p
˙2 ÿ
kě0
p2k∆q
A3B2
p∆2kq4
!
ˆ
∆´
AB
p
˙2
A3B2
∆3
.
From (2.3), for ∆ ą 2AB{p, we haveÿ
ιAˆBpℓa,bqą2AB{p
ιAˆBpℓλa,µbqą2AB{p
ιAˆBpℓa,bqιAˆBpℓλa,µbq
2
ě
ÿ
ιAˆBpℓa,bqą2AB{p
ιAˆBpℓλa,µbqą2AB{p
ιAˆBpℓa,bq
ˆ
ιAˆBpℓλa,µbq ´
AB
p
˙2
`
3A2B2
p2
ÿ
ιAˆBpℓa,bqą
2AB
p
ιAˆBpℓa,bq
ě
ÿ
ιAˆBpℓa,bqą2AB{p
ιAˆBpℓλa,µbqą2AB{p
ιAˆBpℓa,bq
ˆ
ιAˆBpℓλa,µbq ´
AB
p
˙2
“ III.
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We can now use dyadic decomposition and Lemma 2.4 to obtainÿ
ιAˆBpℓa,bqą∆
ιAˆBpℓλa,µbqą∆
ιAˆBpℓa,bqιAˆBpℓλa,µbq
2 !
ÿ
kě0
p2k∆q3|L2k∆|
!
ÿ
kě0
p2k∆q3
A3B2
p∆2kq4
!
A3B2
∆
.
Therefore,
ÿ
ℓ
ιAˆBpℓa,bq
ˆ
ιAˆBpℓλa,µbq ´
AB
p
˙2
! ∆pAB ` II `
A3B2
∆
.
We choose ∆ “ AB1{2{p1{2 to get
II !
A2B
p
ˆ
1´
B1{2
p1{2
˙
p3{2B1{2
! p1{2A2B3{2
and
ÿ
ℓ
ιAˆBpℓa,bq
ˆ
ιAˆBpℓλa,µbq ´
AB
p
˙2
! p1{2A2B3{2,
assuming AB1{2{p1{2 ě 2AB
p
. Otherwise p ă 4B , but then it is clear
from Corollary 2.2 that
ÿ
ℓ
ιAˆBpℓa,bq
ˆ
ιAˆBpℓλa,µbq ´
AB
p
˙2
ď pA2B ! p1{2A2B3{2.
This completes the proof. [\
2.2. Proof of Theorem 1.1. We can transform Tλ,µpA,Bq to be the
number of solutions of
b1 ´ µb2
a1 ´ λa3
“
b1 ´ µb3
a1 ´ λa2
,
by adding an error term of OpAB3 ` A2B2q coming from the cases
where a1 “ λa2 “ λa3 , or a1 “ λa3 and b1 “ µb2 , or a1 “ λa2 and
b1 “ µb3 . Then collecting our solutions for each c P Fp ,
b1 ´ µb2
a1 ´ λa3
“
b1 ´ µb3
a1 ´ λa2
“ c
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and re-arranging and relabelling, we obtain
b1 ´ ca1 “ µb2 ´ λca2 “ µb3 ´ λca3.
Therefore,
Tλ,µpA,Bq “
ÿ
ℓ
ιAˆBpℓa,bqιAˆBpℓλa,µbq
2 `OpAB3 ` A2B2q.(2.2)
As in [7, p. 6], we use the result X2 “ pX ´ Y q2 ` 2XY ´ Y 2 with
X “ ιAˆBpℓλa,µbq and Y “ AB{p and see
ÿ
ℓ
ιAˆBpℓa,bqιAˆBpℓλa,µbq
2
“
ÿ
ℓ
ιAˆBpℓa,bq
ˆ
ιAˆBpℓλa,µbq ´
AB
p
˙2
`
2AB
p
ÿ
ℓ
ιAˆBpℓa,bqιAˆBpℓλa,µbq ´
A2B2
p2
ÿ
ℓ
ιAˆBpℓa,bq.
(2.3)
We now apply Lemma 2.1 to obtain,ÿ
ℓ
ιAˆBpℓa,bqιAˆBpℓλa,µbq
2
“
ÿ
ℓ
ιAˆBpℓa,bq
ˆ
ιAˆBpℓλa,µbq ´
AB
p
˙2
`
A3B3 ´ 2A3B2
p
` 2A2B2.
Combining (2.2), (2.3) and Lemma 2.5 we complete the proof.
2.3. Consequences. We give some results that come as a consequence
of Theorem 1.1, these are necessary for our proofs of Theorem 1.2 and
Theorem 1.3.
We define Dλ,µpA,Bq to be the number of solutions to
pa1 ´ λa2qpb1 ´ µb2q “ pa3 ´ λa4qpb3 ´ µb4q(2.4)
for pai, biq P A ˆ B, i “ 1, 2, 3, 4, and λ, µ P F
˚
p . We also define
T ˚λ,µpA,Bq to be the number of solutions of
pa1 ´ λa2qpb1 ´ µb2q “ pa1 ´ λa3qpb1 ´ µb3q ‰ 0
and, similarly, D˚λ,µpA,Bq to be the number of solutions of
pa1 ´ λa2qpb1 ´ µb2q “ pa3 ´ λa4qpb3 ´ µb4q ‰ 0.
We also define D˚1,1pA,Bq “ D
˚pA,Bq, D1,1pA,Bq “ DpA,Bq and
T ˚
1,1pA,Bq “ T
˚pA,Bq.
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Lemma 2.6. Let A,B Ă Fp with |A| “ A ď |B| “ B and λ, µ P F
˚
p .
Then
D˚λ,µpA,Bq ! p
1{2A3B5{2 `
A4B4
p
.
Proof. We rearrange D˚λ,µpA,Bq so it is the number of solutions of
b1 ´ µb2
a3 ´ λa4
“
b3 ´ µb4
a1 ´ λa2
‰ 0.
We define Jpξq to be the number of quadruples pa1, a, b1, bq P A
2 ˆ B2
with
b´ µb1
a´ λa1
“ ξ.(2.5)
We also let Ja,bpξq be the number of pairs pa, bq P A ˆ B for which
(2.5) holds. Then by the Cauchy inequality, we have
D˚λ,µpA,Bq “
ÿ
ξPF˚p
Jpξq2 “
ÿ
ξPF˚p
¨
˝ ÿ
pa,bqPAˆB
Ja,bpξq
˛
‚
2
ď AB
ÿ
ξPF˚p
ÿ
pa,bqPAˆB
Ja,bpξq
2 “ AB
ÿ
pa,bqPAˆB
ÿ
ξPF˚p
Ja,bpξq
2.
Nowÿ
ξPF˚p
Ja,bpξq
2 “ }tpa1, a2, b1, b2q P A
2 ˆ B2 :
b´ µb1
a´ λa1
“
b´ µb2
a´ λa2
‰ 0u},
hence
D˚λ,µpA,Bq ď ABT
˚
λ,µpA,Bq ď AB
ÿ
ℓ
ιAˆBpℓa,bqιAˆBpℓλa,µbq
2
! p1{2A3B5{2 `
A4B4
p
.
This concludes the proof. [\
Since the number of solutions for when (2.4) is equal to 0 is OpA2B4`
A3B3 ` A4B2q we get the following simple corollary.
Corollary 2.7. Let A,B Ă Fp with |A| “ A ď |B| “ B and λ, µ P F
˚
p .
Then
Dλ,µpA,Bq ! p
1{2A3B5{2 `
A4B4
p
` A2B4.
INCIDENCE RESULTS AND BOUNDS OF EXPONENTIAL SUMS 11
3. Exponential Sums
3.1. Preliminaries. We recall the classical bound for bilinear exponen-
tial sums, see [4, Equation 1.4] or [6, Lemma 4.1].
Lemma 3.1. For any sets X ,Y Ď Fp and any α “ pαxqxPX , β “
pβyqyPY with ÿ
xPX
|αx|
2 “ A and
ÿ
yPY
|βy|
2 “ B,
we have ˇˇˇ
ˇˇÿ
xPX
ÿ
yPY
αxβy eppxyq
ˇˇˇ
ˇˇ ďapAB.
We define NpX ,Y ,Zq to be the number of solutions to
x1py1 ´ z1q “ x2py2 ´ z2q
with x1, x2 P X , y1, y2 P Y and z1, z2 P Z . We now recall [10, Corollary
2.4].
Lemma 3.2. Let X ,Y ,Z Ă F˚p with |X | “ X, |Y | “ Y, |Z| “ Z and
M “ maxpX, Y, Zq. Then
NpX ,Y ,Zq !
X2Y 2Z2
p
`X3{2Y 3{2Z3{2 `MXY Z.
3.2. Proof of Theorem 1.2. We use Lemma 2.6 in the proof of
[10, Theorem 1.3] to give a new bound on trilinear exponential sums.
We pick up the proof of [10, Theorem 1.3] at equation (3.8), permuting
the variables we obtain
T pX ,Y ,Z; ρ, σ, τq8 ! pX4Y 7Z4K `X8Y 8Z6.
Now K is simply D˚pX ,Zq hence by Lemma 2.6
T pX ,Y ,Z; ρ, σ, τq8 ! p3{2X13{2Y 7Z7 `X8Y 7Z8 `X8Y 8Z6.(3.1)
We then take 8th roots and compare with the classical bound on bi-
linear sums, Lemma 3.1, combined with the triangle inequality
T pX ,Y ,Z; ρ, σ, τq ! p1{2X1{2Y 1{2Z.
For our bound to be non-trivial
p3{16X13{16Y 7{8Z7{8 ď p1{2X1{2Y 1{2Z,
or equivalently
X5{16Y 3{8Z´1{8 ď p5{16,
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therefore,
XY 4{5 ď p.
Now for XY 4{5 ď p we have
XY 7{8Z ď p3{16X13{16Y 29{40Z ď p3{16X13{16Y 7{8Z7{8.
Similarly,
XY Z3{4 ď p3{16X13{16Y 34{40Z3{4 ď p3{16X13{16Y 7{8Z7{8.
Hence our first term dominates over the non-trivial region. Further-
more, when our bound is trivial, i.e. for X5{16Y 3{8Z´1{8 ď p5{16 ,
T pX ,Y ,Z; ρ, σ, τq ! p1{2X1{2Y 1{2Z ! p3{16X13{16Y 7{8Z7{8.
This concludes the proof.
3.3. Proof of Theorem 1.3. We use Lemma 2.6 in the proof of
[10, Theorem 1.4] to give a new bound on weighted quadrilinear ex-
ponential sums. As in the proof of [10, Theorem 1.4], after permuting
the variables, we have
T pW,X ,Y ,Z;ϑ, ρ, σ, τq8
! pWXY q6Z7
ÿ
µPF˚p
ÿ
λPFp
JpµqηµIpλq eppλµq ` pWXZq
8Y 7,(3.2)
where Ipλq is the number of triples px1, x2, zq P X
2 ˆ Z with zpw1 ´
w2q “ λ , Jpµq is the number of quadruples pw1, w2, y1, y2q P W
2 ˆ Y2
with pw1´w2qpy1´y2q “ µ and ηµ is a complex number with |ηµ| “ 1.
It is clear thatÿ
µPF˚p
Jpµq2 “ D˚pW,Yq ! p1{2W 5{2Y 3 `
W 4Y 4
p
.
We now use Lemma 3.2 to obtainÿ
λPFp
Ipλq2 !
Z2X4
p
` Z3{2X3 ` ZX3 !
X4Z2
p
`X3Z3{2.
We now apply the classical bound for bilinear sums, Lemma 3.1, to
(3.2) to obtain
T pW,X ,Y ,Z;ϑ, ρ, σ, τq8
! pWXY q6Z7
ˆ
p1{4W 5{4Y 3{2 `
W 2Y 2
p1{2
˙ˆ
p1{2X3{2Z3{4 `X2Z
˙
` pWXZq8Y 7.
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We compare the above bound with the classical bound on bilinear sums
combined with the triangle inequality
T pW,X ,Y ,Z;ϑ, ρ, σ, τq8 ! p4W 4X4Y 8Z8
coming from Lemma 3.1. For our bound to be non-trivial we need
p3{4W 29{4X15{2Y 15{2Z31{4 ď p4W 4X4Y 8Z8.
That is,
W 13{4X7{2Y ´1{2Z´1{4 ď p13{4,
therefore, since Z ď Y ď X
WX11{13 ď p.
Now for WX11{13 ď p,
X2Z ď p13{48X3{2Z ď p13{32X3{2Z3{4 ă p1{2X3{2Z3{4.
Similarly,
W 2Y 2
p1{2
ď
p3{4W 5{4Y 2
X33{52p1{2
ď p1{4W 5{4Y 71{52 ď p1{4W 5{4Y 3{2.
Finally,
pWXZq8Y 7 ď p3{4W 29{4X383{52Y 7Z8 ď p3{4W 29{4X15{2Y 7Z8
ď p3{4W 29{4X15{2Y 15{2Z31{4.
Hence, for WX11{13 ď p, after taking 8th roots
T pW,X ,Y ,Z;ϑ, ρ, σ, τq ! p3{32W 29{32X15{16Y 15{16Z31{32.
However, for WX11{13 ą p, then our bound is trivial and
T pW,X ,Y ,Z;ϑ, ρ, σ, τq ! p1{2W 1{2X1{2Y Z
! p3{32W 29{32X15{16Y 15{16Z31{32.
This completes the proof.
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